Abstract. By modifying the method of Bruß and Peres, we construct two new families of entangled two qutrit states. For all density matrices ρ in these families we have ρ ij = 0 for i + j odd. The first family depends on 27 independent real parameters and includes both PPT and NPT states. The second family consists of PPT entangled states. The number of independent real parameters of this family is ≥ 11.
Introduction
Let H = H A ⊗ H B be the Hilbert space for the quantum system consisting of two parties, A and B. A product state is a tensor product ρ A ⊗ ρ B of the states ρ A and ρ B of the first and second party, respectively. A state ρ is separable if it can be written as a convex linear combination of product states. We say that a state ρ is entangled if ρ is not separable. It is PPT if its partial transpose ρ Γ = (1 ⊗ T )(ρ) is a positive semidefinite operator. Otherwise it is NPT.
The Peres-Horodecki criterion [14, 9] settles the separability problem for 2 ⊗ 2 and 2 ⊗ 3 bipartite quantum systems, but in general it provides only a necessary condition for separability. Among bipartite systems, the 3 ⊗ 3 case plays a special role since it is the smallest case for which this criterion of separability is not sufficient. There are many papers, such as [1, 2, 4, 6, 7, 12, 11, 13] , where entangled states of two qutrits or families of such states with special properties have been constructed and explored.
In their short note [4] Bruß and Peres constructed two families of PPT entangled states for two qutrits. Their first family depends on 5 independent real parameters and consists of states which are fixed under partial transposition, with respect to the chosen orthonormal basis of H B . (We do not consider at all their second family.) We shall extend this family to a much richer family, F ′ , which depends on at least 11 independent real parameters (see Theorem 4.1 and the subsequent remark). The states ρ in our family are also PPT entangled and fixed under the partial transposition.
We begin with the four nonzero complex vectors
where the components are listed in the order 00, 10, 20; 01, . . .. Note that |v 1 and |v 3 are orthogonal to |v 2 and |v 4 , but |v 1 and |v 3 , and also |v 2 and |v 4 , in general are not orthogonal to each other. For comparison note that the four vectors used in [4] are pairwise orthogonal by construction. By using the above vectors, we construct the normalized state ρ, i.e., with tr (ρ) = 1,
In the next section we prove that this ρ provides a family, F , of entangled states of two qutrits. As we show later, F depends on 27 independent real parameters. We refer to it as the checkerboard family since the corresponding density matrices ρ have the "checkerboard pattern", i.e., ρ ij = 0 for i + j odd.
In section 4 we construct a subfamily F ′ ⊂ F consisting of states ρ which are fixed under partial transposition. Thus, we obtain a new family of PPT entangled states of two qutrits. We will show later that F ′ depends on at least 11 independent real parameters. It contains generically the first Bruß-Peres family. In section 5 we prove the two claims on the number of independent real parameters. In the last section we summarize and discuss our results.
Proving that ρ is entangled
As in [4] , we use the range criterion of P. Horodecki [12] to prove that ρ is entangled in the generic case. It suffices to show that the subspace spanned by the |v j contains no nonzero tensor product of two vectors.
Assume that
This equation is equivalent to the system of two matrix equations: 
These four equations can be written in matrix form
Hence this 4 × 4 matrix must be singular, which gives
We now assume that
Then We denote by F the family of entangled states ρ provided by this theorem. We shall see later that F depends only on 27 independent real parameters.
It is easy to test whether a given state ρ ∈ F is PPT. One just has to compute ρ Γ and apply to it the well known criterion for a hermitian matrix to be positive semidefinite. An interesting open question is to decide whether there is a state ρ ∈ F such that ρ Γ is positive definite.
Two examples
Note that while each ρ ∈ F has rank at most 4, its partial transpose ρ Γ may be nonsingular. We give here two examples of distillable states ρ ∈ F which are of different types. In both examples ρ Γ is nonsingular. The reduction criterion provides also a necessary condition for separability of bipartite states ρ. It requires that the matrices ρ A ⊗ 1 − ρ and 1 ⊗ ρ B − ρ be positive semidefinite, where ρ A and ρ B are the two reduced density matrices of ρ. If ρ violates the reduction criterion then it is entangled. Furthermore, in that case ρ is also distillable [8] .
Our first example ρ 1 violates the reduction criterion and so it is distillable. The components a, b, . . . , s are chosen as follows:
where i is the imaginary unit. A computation shows that det(ρ Γ 1 ) = 2 6 · 7/17 9 and that ρ Γ 1 has exactly two negative eigenvalues. We recall from [10] that all distillable states are NPT. The density matrix is
Our second example is a state ρ 2 ∈ F which is distillable but satisfies the reduction criterion:
The vector |ψ = |ϕ 1 ⊗ |ϕ 2 + |ϕ 3 ⊗ |ϕ 4 , where
has Schmidt rank 2, and a computation shows that ψ|ρ Γ 2 |ψ = −5/21 is negative. Therefore ρ 2 is 1-distillable. We have det(ρ Γ 2 ) = 2 · 11 · 19/(3 7 7 9 ) and exactly two eigenvalues of ρ Γ 2 are negative.
Forcing ρ to be fixed by the partial transposition
Recall that all states ρ of the first Bruß-Peres family are not only PPT but also satisfy ρ Γ = ρ. We shall also impose this stronger condition. In this section we assume that ρ ∈ F and that the conditions of 
where ℑ(z) denotes the imaginary part of the complex number z. In the following analysis we shall assume that all denominators in our formulae are nonzero. Since f s − ip = 0, the equations (4.1) and (4.2) can be solved for g and q, and the equations (4.3) and (4.4) for h and r:
From Eqs. (4.6) we obtain that
where x, y, and t are real numbers. By plugging in the above expressions for d and e into Eq. (4.5) and solving it for n, we obtain that
To summarize, we have the following result. We denote by F ′ the subfamily of F singled out by this theorem. Since all states ρ ∈ F ′ satisfy ρ Γ = ρ, it is clear that F ′ does not contain the second Bruß-Peres family.
On the other hand, we remark that F ′ contains generically their first family. To prove this we set
Then the above formulae for g, q, h, r, d, e, i, n give
and from the Eq. (2.3) we obtain that
By assuming that also a, b, c, f are real and that abcf x(x|a| 2 − t|f | 2 ) = 0, we obtain generically the first Bruß-Peres family. Explicitly, our parameters a, b, c, f, t, x correspond to m, ac/n, n, a, b/an, adn/m, respectively, in the Bruß-Peres family. If we allow a, b, c, f to remain complex, the number of independent real parameters increases from 5 to 7.
Counting independent real parameters
We consider first the family F provided by Theorem 2.1. The state ρ depends on 36 real parameters (the real and imaginary parts of the 18 complex parameters). However, we claim that there are only 27 independent such parameters. In order to prove this claim, it is convenient to drop the normalization factor 1/N and show that the modified family Φ : (a, b, . . . , s) → N ρ depends on 28 independent parameters.
Since the rank of dΦ can take only finitely many values, there exists a point ω 0 = (a 0 , b 0 , . . . , s 0 ) in the domain of Φ at which the rank of dΦ takes the maximal value, say δ. By continuity of dΦ, its rank has to be δ in some small neighborhood U of the point ω 0 . Now the Rank Theorem [3, Theorem 7.1] implies that the image Φ(U ) ⊆ F is a manifold of dimension δ. Therefore the number of independent real parameters of F is at least δ.
We shall first find an upper bound for δ. Due to the checkerboard pattern of ρ, by simultaneous permutation of rows and columns of the matrix N ρ we obtain the direct sum ρ ′ ⊕ ρ ′′ where 
It follows that the rank of dΦ is the same as that of the map
where σ ′ resp. σ ′′ is the submatrix of ρ ′ resp. ρ ′′ consisting of the first two columns. Since ρ ′ and ρ ′′ are hermitian, the image of Ψ is contained in a 28-dimensional real vector space. Consequently, Ψ depends on at most 28 independent real parameters and δ ≤ 28.
On the other hand, a computation shows that the rank of dΨ at the point used to define the state ρ 2 (see Sect. 3) is indeed 28. We conclude that δ = 28 and our claim follows.
Next we consider the family F ′ constructed in Theorem 4.1. Our second claim is that F ′ depends on at least 11 independent real parameters. In order to prove this claim, we again drop the normalization factor 1/N and it suffices to show that the modified family Λ : (t, x, y, a, b, c, f, j, k, l, m, p, s) → N ρ depends on at least 12 independent parameters.
In total we have 23 real parameters: t, x, y and the real and imaginary parts of a, b, c, f, j, k, l, m, p, s. The domain of Λ is an open subset of R 3 × C 10 , i.e., R 23 . The matrix entries ρ ij are complex-valued rational functions of these parameters. Since the rank of the Jacobian matrix of Λ at the point:
Λ indeed depends on at least 12 independent real parameters. Hence our second claim follows.
Discussion
We have shown that the states ρ of two qutrits given by Eq. (1.1) are generically entangled. The precise conditions are spelled out in Theorem 2.1. We denote by F the family of states ρ as in Eq. (1.1) satisfying the conditions of this theorem. Although it is not obvious, one can verify that each ρ ∈ F has rank 4, and so its eigenvalue 0 has multiplicity 5. Just as in [4] , for ρ ∈ F we have ρ ij = 0 whenever i + j is odd. Formally, F depends on 36 real parameters but only 27 of them are independent. The proof of this fact is given in section 5.
Let us say here that a state ρ ∈ F is generic if ρ Γ is nonsingular. The family F contains a variety of distillable states. In Section 3 we give two such examples, ρ 1 and ρ 2 , which are also generic. The former violates the reduction criterion of separability while the latter does not. We show explicitly that ρ 2 is 1-distillable. We point out that the first nontrivial example of a distillable bipartite state which satisfies the reduction criterion was given in [15] .
Next we have singled out an explicit subfamily F ′ ⊂ F consisting of PPT-states. In fact the states ρ ∈ F ′ are fixed under partial transposition, i.e., we have ρ Γ = ρ for all ρ ∈ F ′ . This subfamily was selected so to contain almost all members of the first Bruß-Peres family. Our family F ′ is much richer than the latter as it depends on at least 11 independent real parameters.
Let us mention that Bruß-Peres family was used in [5] to test the effectiveness of a new separability condition. We hope that our families F and F ′ will also be useful for further study of entanglement and distillability problems. There is no doubt that our first theorem admits a generalization to bipartite systems of qudits. It would be worthwhile to work out the details at least in the 4 ⊗ 4 case.
